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We extend the Einstein-aether theory to take into account the interaction between a pseudoscalar
field, which describes the axionic dark matter, and a time-like dynamic unit vector field, which
characterizes the velocity of the aether motion. The Lagrangian of the Einstein-aether-axion theory
includes cross-terms based on the axion field and its gradient four-vector, on the covariant derivative
of the aether velocity four-vector, and on the Riemann tensor and its convolutions. We follow
the principles of the Effective Field theory, and include into the Lagrangian of interactions all
possible terms up to the second order in the covariant derivative. Interpretation of new couplings
is given in terms of irreducible parts of the covariant derivative of the aether velocity, namely,
the acceleration four-vector, the shear and vorticity tensors, and the expansion scalar. A spatially
isotropic and homogeneous cosmological model with dynamic unit vector field and axionic dark
matter is considered as an application of the established theory; new exact solutions are discussed,
which describe models with a Big Rip, Pseudo Rip and de Sitter-type asymptotic behavior.
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I. INTRODUCTION
The Einstein-aether-axion theory can be classified as a
pseudoscalar-vector-tensor theory of gravitation. There
are two intrinsic elements in this theory, which allow us
to consider it as an alternative theory of gravity. The
first element is a dynamic time-like unit vector field U i
characterizing the velocity of the aether (see, e.g., [1–7]);
this unit vector field realizes the idea of a preferred frame
of reference (see, e.g., [8–11]). The second element is the
pseudoscalar field associated with axionic dark matter
(see, e.g., [12–22] for review, references and mathematical
details).
Formally speaking, the structure of this theory is sim-
ilar to the one of a scalar-vector-tensor theory of gravity,
however, there is a few features, which distinguish them.
Three typical ways to extend the vector-tensor theory
of gravity in order to obtain a scalar-vector-tensor ver-
sion of this theory are known. The first way is standard,
it is based on introduction of three independent fields:
scalar field Ψ, vector field V i and tensor field gik asso-
ciated with metric of the corresponding space-time (see,
e.g., [23, 24] for details of the so-called TeVeS theories,
and [25, 26] for discussion of the cosmological vector field
coupled to a scalar inflaton). The second way is associ-
ated with introduction of a time-like four-vector field Bi,
the scalar square of which, BkBk ≡ B2 gives the scalar
function, so that the unit four-vector U i ≡ BiB relates to
the velocity of an aether. In other words, four degrees
of freedom associated with the four-vector Bi are redis-
tributed between one scalar and three vectorial degrees of
freedom. One can find fingerprints of this approach, for
∗Electronic address: Alexander.Balakin@kpfu.ru
instance, in the so-called bumblebee models (see, e.g.,
[27, 28]). The third way is admissible, when the unit
time-like four-vector field U i has a quasi-gradient struc-
ture, i.e., it can be presented as Ui =
1
X
∇iΦ, where X
satisfies the relationX2 = ∇mΦ∇mΦ, thus providing the
normalization condition UmUm = 1. In this particular
case a new intrinsic scalar field Φ, the so-called Khronon
[29], appears in the theory, thus introducing a system
of global causal time-like surfaces Φ=const. This find-
ing allowed the authors of [29, 30] to open a discussion
concerning the so-called universal horizon, which acts as
an one-way membrane, so that particles with arbitrary
speed are trapped inside some spherical domain and can-
not escape from it. This theoretical prediction has an
interesting interpretation in terms of theory known as
Analogue Black Holes (see, e.g., [31, 32] and references
therein), and gives a possibility to speak about a new in-
terpretation of dark energy phenomenon (see, e.g., [33]).
The Einstein-Maxwell-aether theory [34] was elabo-
rated as an extension, based on introduction of the
Maxwell field into the Lagrangian. The Einstein-
Maxwell-aether theory operates, in fact, with two vec-
tor fields (to be more precise, one vector field and one
co-vector field): the first one is the unit dynamic vec-
tor field U i; the second is presented by the electromag-
netic potential four-(co)vector, Ai. Modus operandi of
the field U i differs essentially from the one of Ai. In-
deed, the unit four-vector U i itself, as well as, both
symmetric and skew-symmetric constituents of the co-
variant derivative ∇kUi enter the decomposition of the
Lagrangian. On the contrary, only the skew-symmetric
part of the derivative Fik = ∇iAk−∇kAi, the Maxwell
tensor, enters the Lagrangian of the Einstein-Maxwell-
aether theory [34]; the four-vector Ai itself does not ap-
pear in the Lagrangian thus providing the U(1)-gauge
invariance of the theory. The study of coupling of elec-
2tromagnetic fields to the axionic dark matter activated
the interest to the axion electrodynamics, which is the
axionic extension of the Faraday-Maxwell theory (see,
e.g., [35–40]). In the framework of this axion electrody-
namics, interesting results are obtained, which describe
anomalous electromagnetic response of an axionically ac-
tive cosmic medium dynamo-optically coupled to the unit
vector field U i (see, e.g., [41]).
In this context, the establishing of the full-format
Einstein-aether-axion model can be considered as a
twofold task. First, when one deals with cosmological
applications of the Einstein-aether theory, it seems to
be reasonable to consider the interaction of the dark
matter with a non-uniformly moving aether; if the dark
matter contains an axionic fraction, this coupling is the
subject of the Einstein-aether-axion theory. Second, the
Einstein-aether-axion model is a missing element, which
is necessary to complete the Einstein-Maxwell-aether-
axion theory. Indeed, photons interact directly with the
pseudoscalar field (direct axion-photon coupling), and
with the unit vector field (direct dynamo-optical cou-
pling). In addition, one can search for indirect photon
couplings, mediated by an axion-aether interactions, and
this mediation is the subject of the Einstein-aether-axion
theory.
One remark should be made concerning the links be-
tween scalar and pseudoscalar extensions of the Einstein-
aether theory. The invariant terms in the Lagrangian,
which contain the pseudoscalar field φ in an even degree
(e.g., φ2, φ∇iφ, ∇iφ∇kφ) do not differ, formally speak-
ing, from the corresponding terms containing the true
scalar field Φ. However, when the invariant cross-terms
in the Lagrangian of these models contain pseudoscalar
and scalar fields in the linear form, the essential differ-
ence between pseudoscalar and scalar extensions of the
Einstein-aether theory readily appears. Clearly, in case
of pseudoscalar field such linear terms have to include the
products φǫikmn and∇sφǫikmn with (pseudo)tensor Levi-
Civita ǫikmn, providing all the terms in the Lagrangian
to be true scalar invariants. In other words, the com-
plete axionic extension of the Einstein-aether theory is
not equivalent to the scalar extension of this theory.
In this paper we establish the version of the Einstein-
aether-axion theory, which can be classified as the theory
of the second order with respect to the Effective Field
theory. (see, e.g., [42–46] for details, terminology and
historical remarks). Mathematically, we extend the La-
grangian by inserting all possible cross-terms, which, on
the one hand, contain the vector field U i, and the ten-
sor∇iUk, the covariant derivative of the unit vector field,
and, on the other hand, include pseudoscalar (axion) field
φ and its gradient four-vector ∇iφ. The reconstructed
Lagrangian is up to the second order in the covariant
derivative ∇k. This means that φ and U i can enter arbi-
trarily; the Riemann tensor Rikmn, the Ricci tensor Rik
and Ricci scalar R enter linearly; the derivatives of φ and
Ui appear only in the following forms: (∇iφ), (∇iUk),
(∇iφ · ∇kφ), (∇iφ · ∇kUj), (∇iUk · ∇lUs). Other con-
structive elements used in the Lagrangian are the met-
ric, Kronecker deltas and Levi-Civita tensor. Coupling
constants are introduced phenomenologically; in order
to classify them adequately we use the decomposition of
of the tensor ∇iUk with respect to its irreducible parts,
namely, the acceleration four-vector, the shear and vor-
ticity tensors, and the expansion scalar.
The paper is organized as follows. In Section II, we re-
construct the Lagrangian classifying and listing all the
appropriate invariant terms. In Section III we derive
master equations for pseudoscalar, unit vector and grav-
itational fields. In Section IV we consider cosmological
applications of the established model. Section V includes
discussion and conclusions.
II. THE EINSTEIN-AETHER-AXION THEORY:
RECONSTRUCTION OF THE ACTION
FUNCTIONAL
The Einstein-aether-axion theory can be described by
the total action functional
S(EAA) =
∫
d4x
√−g£ ,
£ ≡ L(G) + L(U) + L(A) + L(cross) , (1)
where g is, as usual, the determinant of the metric ten-
sor g=det(gik). The total Lagrangian £ includes the La-
grangian of the gravity field L(G); the Lagrangian of the
unit dynamic vector field (the aether velocity four-vector)
L(U); the Lagrangian of the pseudoscalar (axion) field
L(A), and the Lagrangian of interactions L(cross). Let us
discuss them in more details.
A. Lagrangian of the pure Einstein-aether theory
For the Einstein-Hilbert action, the Lagrangian is well-
known, L(G) =
1
2κ [R+2Λ]; here R is the Ricci scalar, Λ
is the cosmological constant, and κ=8πG, with the New-
tonian coupling constant G (c=1 in the chosen units).
The term L(U) describes the Lagrangian of the dynamic
vector field U i (see, e.g., [1]):
L(U)=
1
2κ
[
λ (gmnU
mUn−1)+Kabmn∇aUm∇bUn
]
. (2)
The first term λ (gmnU
mUn−1) ensures that the U i is
normalized to one, and λ is the Lagrange multiplier. The
second term Kabmn ∇aUm ∇bUn is quadratic in the co-
variant derivative ∇aUm of the vector field U i, with the
tensor Kabmn to be constructed using the metric tensor
gij and the aether velocity four-vector Uk only,
Kabmn=C1g
abgmn+C2g
amgbn+C3g
angbm+C4U
aU bgmn.
(3)
3The parameters C1, C2, C3 and C4 are the Jacobson’s
coupling constants [1].
It is well-known that the tensor ∇iUk can be decom-
posed into a sum of its irreducible parts, namely, the
acceleration four-vector DU i, the shear tensor σik, the
vorticity tensor ωik, and the expansion scalar Θ, as fol-
lows:
∇iUk = UiDUk + σik + ωik + 1
3
∆ikΘ . (4)
The basic quantities in this decomposition are defined as
DUk ≡ Um∇mUk , σik ≡ 1
2
(⊥
∇iUk+
⊥
∇kUi
)
−1
3
∆ikΘ ,
ωik ≡ 1
2
(⊥
∇iUk−
⊥
∇kUi
)
, Θ ≡ ∇mUm ,
D ≡ U i∇i , ∆ik = δik − U iUk ,
⊥
∇i ≡ ∆ki∇k . (5)
In these terms the scalar Kabmn(∇aUm)(∇bUn) has the
form
Kabmn(∇aUm)(∇bUn) =
= (C1+C4)DUkDU
k+(C1+C3)σikσ
ik+
+ (C1−C3)ωikωik+1
3
(C1+3C2+C3) Θ
2 . (6)
B. Lagrangian of a pseudoscalar (axion) field
The term L(A) relates to the axionic dark matter:
L(A) =
1
2
Ψ20
[
V (φ2)−ξRφ2−gmn∇mφ∇nφ
]
. (7)
Here the dimensionless quantity φ denotes the pseu-
doscalar (axion) field. The parameter Ψ0 is reciprocal
to the constant of the axion-photon coupling g(Aγγ)=
1
Ψ0
.
The coupling parameter g(Aγγ) can be presented as
g(Aγγ)=
αζ
pifa
, where fa is the energy scale of the symme-
try breaking (axion decay constant); α is the fine struc-
ture constant and ζ is a dimensionless model-dependent
factor (its value is about one). Recently, the CAST Col-
laboration (CERN Axion Solar Telescope) reported that
the improved limit for the constant of the axion-photon
coupling is g(Aγγ) < 1.47 × 10−10GeV−1 (see [47]). The
parameter ξ is the constant of nonminimal coupling of
axion and gravitational fields; V (φ2) is the potential of
the pseudoscalar field. We do not include ”derivative cou-
pling” terms containing the Ricci scalar and Ricci tensor
in combinations with the gradient four-vectors ∇kφ (say,
Rik∇iφ∇kφ, see, e.g., [48]), since according to the Ef-
fective Field theory approach, such terms would be of
the fourth order in the covariant derivative. As usual,
we omit the terms proportional to quantities ∇m∇mφ2,
∇m[φ∇mφ], φ∇m∇mφ, which can be transformed into
terms already written or into the perfect four-divergence,
when we deal with the integration by parts in the action
functional. One can remark that the aether velocity U i
does not enter this part of the Lagrangian directly; how-
ever, using the decomposition
∇iφ ≡ UiDφ+
⊥
∇iφ (8)
one can divide (when it is necessary) the gradient four-
vector ∇iφ into the part proportional to the convective
derivativeDφ = Us∇sφ, and the part containing the spa-
tial gradient
⊥
∇iφ=∆ki∇kφ defined in terms of preferred
frame of reference, associated with the aether velocity.
C. Classification of interaction terms
Following the principles of Effective Field theory [42–
45] one can display all the invariant terms up to second
orders in the derivatives in the context of the Einstein-
aether-axion model. We intend to show that there are
two zero-order terms (we mark them as (0.1) and (0.2),
respectively); one irreducible type of the first order terms
(1); four irreducible types of the second order terms (2.1),
(2.2), (2.3) and (2.4), respectively. Let us list possible
cross-invariants and distinguish irreducible terms.
1. Terms of zero order in derivatives
The term indicated as (0.1)
Typical terms of this type contain the squared pseu-
doscalar (axion) field and have the form f(φ2), where f
is arbitrary function of its argument. One of such terms
is included into the Lagrangian of the pseudoscalar field
(7) as the corresponding potential V (φ2).
The term indicated as (0.2)
There is one term of this type involving the aether ve-
locity U i. It is proportional to gikU
iUk, and is already
included into the Lagrangian of the unit dynamic vector
field L(U).
2. Terms of the first order in derivatives
The terms of the first order in derivatives can be di-
vided into three subtypes, nevertheless, only one of them
can be included into the set of irreducible invariant terms.
The terms of the type (1.1).
This first subtype includes the covariant derivative of
the vector field and does not contain φ; the terms of
this type have the form αik∇iUk. We assume that the
4tensorial coefficients αik can be constructed using the
metric gik, the Kronecker tensors (δ
i
k, δ
ik
ab and higher
order Kronecker tensors), the Levi-Civita tensor ǫikab,
and the unit vector field Uk. The metric gik, the Kro-
necker deltas, the Levi-Civita (pseudo) tensor are co-
variantly constant, i.e., ∇sgmn=0, ∇sδabmn=0, ∇sδab=0,
∇sǫabmn=0. Clearly, this subtype contains only one ap-
propriate scalar, namely, αΘ, where Θ=∇kUk is the ex-
pansion scalar, and α is a coupling constant introduced
phenomenologically. The corresponding term in the ac-
tion functional,
√−gαΘ, can be reduced to the perfect
divergence
√−gαΘ=∂k(α√−gUk), and we omit the term
αik∇iUk from our consideration.
The terms of the type (1.2).
The cross-terms of the form (∇kUk)f(φ2) are extensions
of terms mentioned in the item (1.1); now it is irreducible
and can not be discarder.
The terms of the type (1.3).
There is also the invariant cross-term φg(φ2)Uk∇kφ,
which contains the convective derivative of the pseu-
doscalar field. Due to the relationship
(∇kUk)f(φ2) = ∇k[Ukf(φ2)]− 2φf ′(φ2)Uk∇kφ (9)
this contribution can be reduced to (1.2), and to a perfect
divergence, using the integration by parts in the action
functional.
3. Terms of the second order in derivatives
There are four subtypes in the list of terms of the sec-
ond order in derivatives.
The terms of the type (2.1).
The terms, which include covariant derivatives of the unit
vector field and do not contain the pseudoscalar field φ,
can be reduced to the invariant
Kabmn∇aUm∇bUn , (10)
which enters the Lagrangian L(U). It is well-known
that other terms can be absorbed into this invariant.
Indeed, terms with second-order covariant derivatives
Kikl∇i∇kUl can be rewritten as follows
Kikl∇i∇kUl = ∇i
[Kikl∇kUl]− (∇kUl)∇i (Kikl) . (11)
Since the tensor Kikl contains the unit vector field Uk,
and the covariantly constant quantities: the metric gik,
the Kronecker tensors (δik, δ
ik
ab, etc.), the Levi-Civita ten-
sor ǫikab, we obtain that
Kikl∇i∇kUl=∇i
[Kikl∇kUl]−(∇kUl)(∇iU j)∂Kikl
∂U j
.
(12)
The first term in the right-hand side of this relationship
is a perfect four-divergence, which can be omitted, and
the second term can be included into Kabmn∇aUm∇bUn
by redefinition of the tensor Kabmn.
Similarly, the nonminimal term RikU
iUk can be ab-
sorbed into the term Kabmn∇aUm∇bUn. Indeed, using
the relationship
[∇a∇b −∇b∇a]Um = −UsRsmab , (13)
the term RikU
iUk can be rewritten as
RikU
iUk = ∇i
[
Uk∇kU i − U i∇kUk
]
+
+
(∇iU i) (∇kUk)− (∇mUk) (∇kUm) . (14)
The first term is a perfect four-divergence, and the other
terms can be included in the construction of the Jacob-
son’s type term Kabmn(∇aUm)(∇bUn). Here and below
we use the parentheses in the expressions of the form
(∇aUm)T just to indicate that the covariant derivative
operator acts on Um only.
The terms of the type (2.2).
Terms, which include covariant derivatives of the unit
vector field and arbitrary functions of φ2, can be repre-
sented as
Kabmn∇aUm∇bUn , (15)
where
Kabmn = h1(φ2)gabgmn+h2(φ2)gamgbn+h3(φ2)gangbm+
+h4(φ
2)UaU bgmn+φh5(φ
2)ǫabmn+φh6(φ
2)ǫasmnUsU
b .
(16)
The term Kabmn is reconstructed similarly toKabmn with
functions h1(φ
2), h2(φ
2), h3(φ
2), h4(φ
2) instead of Jacob-
son’s constants C1, C2, C3 and C4, respectively. Two last
terms (containing the functions h5(φ
2) and h6(φ
2)) ap-
pear due to presence of the pseudoscalar field φ, since the
new true tensor φǫabmn can be now used as a constructive
element of the Lagrangian. These are new irreducible in-
teraction terms.
The terms of the type (2.3).
The cross-terms, which include covariant derivative of the
unit vector field and four-gradient of the pseudoscalar
field φ, can be written as follows
Habm(∇aUm)(∇bφ) , (17)
Habm = φh7(φ2)gamU b + φh8(φ2)gbmUa . (18)
Clearly, the term proportional to Um∇aUm vanishes be-
cause of normalization of the unit vector field. Interac-
tion terms given by (17), (18) are also irreducible .
The terms of the type (2.4).
5The cross-terms, which are quadratic in the gradient
four-vector of the pseudoscalar field, can be represented
in the following form:
T ab(∇aφ)(∇bφ) , (19)
where
T ab = h9(φ2)gab + h10(φ2)UaU b . (20)
The term with h9(φ
2) → − 12Ψ20 was already used in the
Lagrangian of the axion field. The term
h10(φ
2)UaU b(∇aφ)(∇bφ) (21)
is a principally new contribution, which appears in the
presence of the unit vector field U i.
There are few terms of the second order in derivatives,
which can be reduced to the terms already listed above.
(a) The term Gabm∇b∇aUm, which includes the second
covariant derivative of the unit vector field, are not irre-
ducible.
Keeping in mind the formula
Gabm∇b∇aUm = −
[
∂Gabm
∂Un
]
(∇aUm)(∇bUn)−
−
[
∂Gabm
∂φ
]
(∇aUm)(∇bφ)+∇b[Gabm∇aUm] , (22)
one can see, that the last term is the perfect divergence;
the first and second parts can be absorbed by the al-
ready listed irreducible terms of the type (2.2) and (2.3),
respectively.
(b) The extended nonminimal term
f(φ2)RikU
iUk = ∇i{f(φ2)
[
Uk∇kU i − U i∇kUk
]}−
− [Uk∇kU i − U i∇kUk]∇if(φ2)+
+ f(φ2)
(∇iU i) (∇kUk)− f(φ2) (∇mUk) (∇kUm) (23)
can be, clearly, reduced to perfect divergence and to the
terms of the form (2.2) and (2.3).
(c) Invariants of the type Habm(∇aUm)(∇bφ) with
Habm = f(φ2)ǫabmnUn are not irreducible.
Let us make the transformations
f(φ2)ǫabmnUn(∇aUm)(∇bφ) =
= ǫabmnUn(∇aUm)(∇bF (φ)) =
= ∇b
[
ǫabmnUn(∇aUm)F (φ)
]−
− ǫabmnF (φ) [Un(∇b∇aUm) + (∇bUn)(∇aUm)] , (24)
where F (φ) =
∫
dφf(φ2). The first term is, clearly,
the perfect divergence; the last term can be absorbed
by the invariants of the type (2.2). Keeping in mind
the relationship (13), one can transform the term
ǫabmnF (φ)Un(∇b∇aUm) as follows:
ǫabmnF (φ)Un(∇b∇aUm) =
=
1
2
F (φ)Unǫ
abmnRsmbaUs =
=
1
6
F (φ)Unǫ
abmnRs(mba)Us . (25)
Since the cyclic transposition of indices in the Rie-
mann tensor gives zero, Rs(mba)=0, this term van-
ishes. Thus, the cross-invariants of the type
f(φ2)ǫabmnUn(∇aUm)(∇bφ) are not irreducible.
(d) The terms Gba∇b∇aφ are not irreducible.
Using the transformation
Gba∇b∇aφ = ∇b[Gba∇aφ]−
−
[
∂Gba
∂φ
]
(∇aφ)(∇bφ)−
[
∂Gba
∂Un
]
(∇aφ)(∇bUn) , (26)
one can see that the first term in the right-hand side is
the perfect divergence, and other terms can be reduced
to the already listed terms of the types (2.4) and (2.3),
respectively.
4. A resume: Extension of the Lagrangian with the terms
linear in the axion field φ
According to the classification of the interaction terms,
one can extract from the Lagrangian L(cross) the part
L(1), which is linear in the pseudoscalar (axion) field φ.
This part L(1) includes the skew-symmetric Levi-Civita
(pseudo)tensor ǫabmn ≡ Eabmn√−g (with E0123 = 1) and is
of the following form:
L(1) =
1
2
Ψ0φǫ
abmn[h5(∇aUm)+h6UaDUm](∇bUn) .
(27)
Here h5 and h6 are phenomenological constants of linear
interaction; they are zero-order realizations of the terms
with h5(φ
2) and h6(φ
2) in (2.2).
5. A resume: Extension of the Lagrangian with the terms
quadratic in the axion field φ
When the pseudoscalar field φ enters in quadratic form,
i.e., as φ2, φ∇kφ, φ∇a∇bφ, ∇a(φ∇bφ), there are eight
irreducible parts, which form the Lagrangian L(2):
L(2) =
1
2
Ψ20
{
φ2 [α∇mUm + h1(∇aUm)(∇aUm)+
6+h2(∇mUm)2 + h3(∇aUm)(∇mUa)+
+h4(U
a∇aUm)(U b∇bUm)
]
+
+φ [h7(∇mUm)(Ua∇aφ) + h8(Ua∇aUm)(∇mφ)] +
+h10(U
a∇aφ)2
}
. (28)
Now we are ready to write the total action functional
for the Einstein-aether-axion theory in the second order
version of the Effective Field theory and with up to the
second order terms in the pseudoscalar field.
D. Total action functional
The total action functional of the Einstein - aether
- axion model of the second order with respect to the
classification based on the Effective Field theory, and up
to the second order with respect to axion field φ and its
gradient four-vector∇kφ, can be written now in the form
S(EAA) =
∫
d4x
√−g
{
1
2κ
[R+2Λ+λ(gmnU
mUn−1)+
+Kabmn(∇aUm)(∇bUn)
]
+
+
1
2
Ψ20
[
h10(U
k∇kφ)2 − gmn∇mφ∇nφ
]
+
+
1
2
Ψ20φ
2
[
m2(A)+α∇kUk+
(
h1g
abgmn+h2g
amgbn+
+h3g
angbm+h4U
aU bgmn
)
(∇aUm)(∇bUn)−ξR
]
+
+
1
2
Ψ0φǫ
abmn [h5(∇aUm)(∇bUn)+
+h6Ua(U
k∇kUm)(∇bUn)
]
+
+
1
2
Ψ20
[
h7(∇mUm)(Uk∇kφ2)+
+h8(U
k∇kUm)(∇mφ2)
]}
. (29)
This representation of the total action functional of the
Einstein-aether-axion model is not unique, however, any
other representations can be reduced to this one using
the integration by parts and redefinitions of the coupling
constants introduced phenomenologically.
III. MASTER EQUATIONS FOR THE
PSEUDOSCALAR, VECTOR, AND
GRAVITATIONAL FIELDS
A. Master equation for the axion field
Variation of the action functional S(EAA) (29) with re-
spect to pseudoscalar field φ gives the linear equation
∇m [Gmn∇nφ] + φH = J . (30)
Here the tensor
Gmn ≡ gmn − h10UmUn (31)
plays the role of acoustic metric for the pseudoscalar
modes propagation, and thus the phenomenological pa-
rameter h10 can be expressed through the velocity of
pseudo-sound V(s) as h10 = 1 − 1V 2
(s)
(we use the units
with c=1). The term H given by
H=m2(A)+αΘ+(h1+h4)DUmDUm+(h1+h3−h8)σikσik+
+(h1−h3+h8)ωikωik + 1
3
(h1+3h2+h3−3h7−h8)Θ2−
− (h7+h8)DΘ − ξR− h8RmnUmUn , (32)
plays the role of the squared effective mass, which is not
constant and depends on the state of unit vector field.
The pseudoscalar J
J ≡ 1
Ψ0
[h5ω
am + (2h5+h6)U
aDUm]ω∗am (33)
plays the role of the source of the axion field, which is
produced by the unit vector field; clearly, this source is
non-vanishing if and only if ωam 6= 0, i.e., the velocity
field is characterized by non-vanishing vorticity tensor.
B. Equations for the unit dynamic vector field
The aether dynamic equations can be found by varying
the action (29) with respect to the Lagrange multiplier
λ and to the unit vector field U i. The variation of the
action (29) with respect to λ yields the equation
gmnU
mUn = 1 , (34)
which is known to be the normalization condition of the
time-like vector field Uk. Then, variation of the func-
tional (29) with respect to U i yields that U i itself satisfies
the standard equation
∇aJ aj − Ij = λ U j . (35)
Here the following nomenclature is used. First, the non-
symmetric tensor J aj is defined as the sum
J aj = J aj(U) + κ
[
J aj(h) + J aj(φ)
]
, (36)
7displaying three intrinsic elements
J aj(U) = Kabjn(∇bUn) , (37)
J aj(h) = Ψ20φ2Habjn(∇bUn) , (38)
J aj(φ)=Ψ0φ
[
h5ǫ
abjn+h6UsU
[aǫb]jsn
]
(∇bUn) , (39)
where the tensor Kabjn is given by (3), and the new ten-
sor Habjn is introduced as
Habjn = [h1gabgjn+h2gajgbn+h3gangbj+h4UaU bgjn] ,
(40)
in analogy with (3). Second, we introduced the vectors
Ij = Ij(U) + κI
j
(φ) , (41)
I
j
(U) = C4(DUm)(∇jUm) , (42)
I
j
(φ) = Ψ
2
0φ
2h4(DUm)(∇jUm) + Ψ20∇jφ (h10Dφ−αφ) +
+Ψ0φh6
[
DUmω
∗mj + (∇jUm)ω∗maUa
]
+
+
1
2
κΨ20(h7+h8)D(∇jφ2)+
+
1
2
κΨ20(h7−h8)
[
Θ(∇jφ2)− (∇jUm)(∇mφ2)
]
. (43)
The Lagrange multiplier λ is obtained by convolution of
(35) with Uj ; it has the following form:
λ = Uj
[∇aJ aj − Ij] , (44)
where the quantities J aj and Ij are given by Eqs. (36)-
(43).
C. Equations for the gravitational field
The variation of the action (29) with respect to the
metric gik yields the gravitational field equations, which
can be presented in the following form
Rik − 1
2
R gik − Λgik =
= λUiUk + T
(U)
ik + κT
(h)
ik + κT
(A)
ik + κT
(φ)
ik . (45)
The term T
(U)
ik describes the stress-energy tensor associ-
ated with the self-gravitation of the vector field U i:
T
(U)
ik =
1
2
gikJ am(U)∇aUm+
+∇m
[
U(iJ (U)k)m
]
−∇m
[
J (U)
m(iUk)
]
−∇m
[
J (U)(ik)Um
]
+
+C1 [(∇mUi)(∇mUk)−(∇iUm∇kUm)] +
+C4(U
a∇aUi)(U b∇bUk) . (46)
As usual, the symbol p(iqk)≡12 (piqk+pkqi) denotes the
procedure of symmetrization. The term T
(h)
ik can be pre-
sented similarly:
T
(h)
ik =
1
2
gikJ am(h) ∇aUm+
+∇m
[
U(iJ (h)k)m
]
−∇m
[
J (h)
m(iUk)
]
−∇m
[
J (h)(ik)Um
]
+
+Ψ20φ
2 {h1 [(∇mUi)(∇mUk)−(∇iUm)(∇kUm)] +
+h4(U
a∇aUi)(U b∇bUk)
}
. (47)
The quantity T
(A)
ik written as
T
(A)
ik = Ψ
2
0
{
∇iφ∇kφ+1
2
gik
[
m2(A)φ
2−∇nφ∇nφ
]
+
−1
2
ξ (∇i∇k−gik∇m∇m)φ2 +
+
1
2
gik
[
h10(U
m∇mφ)2−αUm∇m(φ2)
]}
(48)
describes the extended stress-energy tensor of the pseu-
doscalar field; the first line in this representation relates
to the canonical part of the stress-energy tensor, the sec-
ond line corresponds to the nonminimal coupling of the
pseudoscalar field to the spacetime curvature, and the
third line describes the contribution of the coupling of
the axion field to the unit dynamic vector field, which
contains the four-vector Uk and does not include its co-
variant derivative.
The quantity
T
(φ)
ik =
1
2
gikJ am(φ) ∇aUm+
+∇m
[
U(iJ (φ)k)m
]
−∇m
[
J (φ)
m(iUk)
]
−∇m
[
J (φ)(ik)Um
]
+
+
1
2
h5Ψ0φǫ
abmn(∇bUn)
[
4∇aU(igk)m−gik(∇aUm)
]
+
+h6Ψ0φǫ
abmn
{
(∇bUn)Us∇sUm
[
ga(iUk)−
1
2
Uagik
]
+
8+Ua(∇bUn)Us∇sU(igk)m+
+Ua(U
s∇sUm)∇bU(igk)n
}−
−1
2
h7Ψ
2
0gikU
m∇m(Un∇nφ2)+
+
1
2
h8Ψ
2
0
{
gik(U
a∇aUm)(∇mφ2)−
−(∇mUm)
[
Ui(∇kφ2) + Uk(∇iφ2)
]−
− [(Um∇mUi)(∇kφ2) + (Um∇mUk)(∇iφ2)]−
− [UiUm∇m(∇kφ2) + UkUm∇m(∇iφ2)]+
+(∇mφ2) [Ui(∇mUk) + Uk(∇mUi)] +
+UiUk(∇m∇mφ2)
}
, (49)
contains all possible sources described by cross - terms
with the covariant derivative of the velocity four-vector,
and the pseudoscalar field.
Compatibility conditions for the set of equations (45)
∇k
[
λUiUk + T
(U)
ik + κT
(h)
ik + κT
(A)
ik + κT
(φ)
ik
]
= 0 , (50)
are satisfied automatically on the solutions to master
equations (30)-(33), and (35)-(44).
D. Two remarks
1. Remark about the Khronon-like field in the
Einstein-aether-axion theory
The axionic extension of the Einstein-aether theory in-
herits the possibility to introduce the Khronon field Φ
[29], when the unit velocity four-vector U i satisfies the
condition
Ui =
1
X
∇iΦ , X2 = ∇mΦ∇mΦ . (51)
Let us remind that integrability conditions for (51) re-
quire that
∇j∇iΦ ≡ ∇i∇jΦ ⇒ ∇j [XUi] = ∇i[XUj] . (52)
Convolution of (52) with U j yields
∇iX = XDUi + UiDX , (53)
thus providing the first compatibility condition (52) for
U i itself to be of the form
⊥
∇[jUi] = 0 ⇒ ωji = 0 . (54)
In other words, for the models, in which the vorticity
tensor vanishes, i.e., ωji=0, the Khronon field exists. Ex-
tending this idea for the case of Einstein-aether-axion
theory, one can assume that this Khronon field Φ could
be linked with some function F (φ2) depending on the
square of the axion field φ. In this sense the global time-
like surface can be associated with the axionic dark mat-
ter distribution; such situation is admissible, for instance,
for models describing Friedmann-type cosmology, static
models with spherical symmetry, models with pp-wave
symmetry, since ωji=0 in all these cases. In nearest fu-
ture, we hope to consider the problem of universal hori-
zons in a static spherically symmetric Einstein-aether-
axion model along the line proposed in the works [29, 30].
2. Remark about a Vortex-like field
For models, in which ωji 6= 0 and thus the Khronon
field is not admissible, there exists another interesting
possibility: one can introduce the pseudoscalar field ψ
by the relation
ωi ≡ ǫikpqUkωpq = Ω∇iψ , (55)
with some phenomenological constant Ω and the aether
rotation (pseudo)four-vector ωi. This pseudoscalar field
can be indicated, e.g., as a Vortex-like field, and the most
interesting case appears when the Vortex-like field ψ is
proportional to the axion field φ. Clearly, the compat-
ibility conditions for (55) require that the field ψ to be
stationary, i.e., Dψ=0, and that the relation
2ω∗k[i∇j]Uk = ηpq[i∇j]ωpq (56)
is satisfied for the unit vector field itself.
IV. APPLICATION: THE SPATIALLY
ISOTROPIC AND HOMOGENEOUS
COSMOLOGICAL MODEL WITH DYNAMIC
AETHER AND AXIONIC DARK MATTER
A. Reduced master equations
In this Subsection we consider the master equations
for the pseudoscalar and gravitational field for the sym-
metry associated with spatially isotropic, homogeneous
cosmological model of the Friedmann type. We assume
the metric to be of the form
ds2 = dt2 − a2(t)[dx2 + dy2 + dz2] , (57)
with the scale factor a(t) and the Hubble function
H(t)= a˙
a
. The dot denotes the derivative with respect to
9cosmological time t; we use the units with c = 1. We use
the ansatz that the pseudoscalar and unit dynamic vec-
tor fields, φ and U i, inherit the chosen symmetry. Math-
ematically, this requirement means that the Lie deriva-
tives of the pseudoscalar and vector fields are equal to
zero, when one calculates them along the Killing vectors{
ξi(α)
}
, attributed to the chosen spacetime symmetry:
£ξi
(α)
φ ≡ ξi(α)∂iφ = 0 , α = 1, 2, ...6 , (58)
£ξi
(α)
U l ≡ ξi(α)∂iU l − U i∂iξl(α) = 0 . (59)
It is well-known, that the symmetry associated with
the Killing vectors ξi(1)=δ
i
1, ξ
i
(2)=δ
i
2, ξ
i
(3)=δ
i
3, from the
Abelian subgroup of the total 6-parameter symmetry
group, provides the pseudoscalar and vector fields to be
the functions of the cosmological time only, φ(t) and
U i(t) (see (58) and (59)). Using the Killing vectors de-
scribing the spatial rotations, we obtain from (59)) that
U1=U2=U3=0. In other words, the velocity four-vector
has to be of the form U i = δi0, thus providing the absence
of preferred spatial directions in the isotropic spacetime.
The covariant derivative ∇iUk in this case is charac-
terized by vanishing acceleration four-vector, shear and
vorticity tensors
DU i = 0 , σmn = 0 , ωmn = 0 . (60)
Only the expansion scalar is nonvanishing, and one can
write
Θ = 3H(t) , ∇iUk = ∆ik H(t) . (61)
Our first task is to prove that for our ansatz the evolu-
tionary equations for the unit vector field (35)-(43) are
satisfied identically; then we will consider the reduced
equations for pseudoscalar and gravitational fields, and
obtain exact solutions to these equations.
1. Reduced equations for the unit vector field are satisfied
identically
Using the discussed above ansatz about the velocity
four-vector, U i = δi0, we can calculate explicitly all the
necessary quantities:
J aj(U) = H(t)
[
∆aj (C1 + 3C2 + C3) + 3C2U
aU j
]
, (62)
J aj(h) = Ψ20φ2H(t)
[
∆aj (h1+3h2+h3)+3h2U
aU j
]
, (63)
J aj(φ) = 0 , Ij(U) = 0 , (64)
I
j
(φ) = Ψ
2
0U
j {Dφ (h10Dφ−αφ) +
+
1
2
κ
[
(h7+h8)DDφ
2 + 3H(t)(h7−h8)Dφ2
]}
. (65)
The four-vector Ij is parallel to U j . One can see that
the divergence∇aJ aj is also parallel to the velocity four-
vector
∇aJ aj = 3U j
[
B(H˙ + 3H2) +HDB −H2A
]
, (66)
where the following notations are used:
A ≡ (C1 + 3C2 + C3) + κΨ20φ2 (h1 + 3h2 + h3) ,
B ≡ C2 + κΨ20φ2h2 . (67)
These results are not surprising; since the spacetime of
the Friedmann type is spatially isotropic and homoge-
neous, there are no preferred space-like directions, and
the four-vectors Ij(φ) and ∇aJ aj should be either parallel
to U j , or vanishing. Thus, three of four basic evolution-
ary equations (35) for the unit vector field are satisfied
identically, and the last one defines the Lagrange multi-
plier (see (44)):
λ(t) = −3H2 (C1 + 3C2 + C3) + 3C2
(
H˙ + 3H2
)
+
+κΨ20φ
2
[
−3H2 (h1 + 3h2 + h3) + 3h2
(
H˙ + 3H2
)]
−
−κΨ20
[
h10φ˙
2 − αφφ˙+ (h7 + h8)(φφ¨ + φ˙2)+
+3Hφφ˙(h7 − h8 − 2h2)
]
. (68)
2. Reduced equation for the pseudoscalar (axion) field
Since the vorticity tensor vanishes for the cosmological
vector field U i = δi0, we obtain immediately from (33)
that J = 0, and that the evolutionary equation for the
axion field takes the form
(1−h10)
[
φ¨+ 3Hφ˙
]
+ φH = 0 . (69)
The function H(t) is represented as follows:
H(t) ≡ m2(A) + 3αH + 3H2 (h1+3h2+h3−3h7)−
− 3h7H˙ + 6ξ
(
H˙ + 2H2
)
. (70)
The function H(t)(1−h10) plays the role of a squared effective
mass of the axion coupled to the dynamic unit vector field
and nonminimally coupled to the spacetime curvature.
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3. Reduced equations for the gravitational field
The right-hand side of the evolutionary equations for
the gravitational filed contains now the following four
sources. First, the stress-energy tensor describing the
contribution of the unit dynamic vector field is
T
(U)
ik = −(C1 + 3C2 + C3)∆ik
(
H˙ +
3
2
H2
)
+
+ UiUk
[
3
2
H2(C1 + C3)− 3C2
(
H˙ +
3
2
H2
)]
. (71)
Similarly, one can write the stress-energy tensor describ-
ing the interaction of the axion and vector fields:
T
(h)
ik = Ψ
2
0φ
2
{
−(h1 + h2 + h3)∆ik
(
H˙ +
3
2
H2
)
+
+UiUk
[
3
2
H2(h1 + h3)− 3h2
(
H˙ +
3
2
H2
)]}
. (72)
The extended stress-energy tensor of the pseudoscalar
field is presented as follows:
T
(A)
ik =Ψ
2
0
{
1
2
gik
[
m2φ2−φ˙2(1−h10)−2αφφ˙
]
+UiUkφ˙
2+
+ξ
[
∆ik(φφ¨+ φ˙
2 + 2Hφφ˙) + 3HUiUkφφ˙)
]}
. (73)
The contribution of the interaction between axion and
vector fields is described by the term
T
(φ)
ik = −Ψ20
{
∆ikh7
(
φφ¨+ φ˙2
)
+
+UiUk
[
(h7 + h8)
(
φφ¨ + φ˙2
)
+ 3Hh8φφ˙
]}
. (74)
4. A resume: The key equation for the gravity field
As usual, only one of two non-trivial equations for the
gravity field is independent for the symmetry associated
with the Friedmann-type model; the second equation is
the differential consequence, since the compatibility con-
ditions are satisfied identically for the solutions to the
axion field equation (69). This key equation can be writ-
ten in the following form:
1
κΨ20
{
3H2
[
1 +
1
2
(C1+3C2+C3)
]
−Λ
}
=
−3
2
φ2H2 (h1+3h2+h3)−2(h7+h8)(φφ¨+φ˙2)−
− 3Hφφ˙(h7−2h2−ξ)+1
2
[
m2(A)φ
2+φ˙2(1−h10)
]
. (75)
In the master equation for the pseudoscalar field (69),
(70) there are eight parameters regulating the behavior
of solutions: h10, m(A), α, h1, h2, h3, h7, ξ. In addi-
tion, the key equation for the gravity field (75) contains
seven parameters: Λ, κ, Ψ0, C1, C2, C3, h8. Of course,
these fifteen parameters have different status. The pa-
rameter κ is constructed from the well-known fundamen-
tal constants and can not be changed. The cosmolog-
ical constant Λ is the main guiding parameter; for the
ΛCDM theory the cosmological constant is responsible
for the Dark Energy (see, e.g., [49–51]). Two parame-
ters, the axion mass m(A) and the constant of the axion-
photon coupling Ψ0, are the constants predetermining
the properties of the axionic Dark Matter; these parame-
ters are not fixed, but there are constraints for them (see,
e.g., [19, 22]). Three Jacobson’s constants from the four
ones introduced in the Einstein-aether theory, namely,
C1, C2, C3, also are not fixed, but constrained; in our
cosmological model these constants form only one guid-
ing parameter C=C1+3C2+C3. The parameter ξ is the
pseudo-analog of the well-known constant of nonminimal
coupling of the scalar field; now there are no fixed es-
timations for it. Parameters h10, α, h1, h2, h3, h7, h8
are novel. Similarly to the Jacobson’s parameters, the
constants h1, h2, h3 form only one guiding parameter
h=h1+3h2+h3. We assume that the parameters h10, α,
h, h7, h8 are connected by some relationships; we will
discuss them below.
Now we are ready to consider examples of exact solu-
tions to the equations (69) and (75).
B. Example 1: Exact solution of the de Sitter type
Representing this first example, we pose a question:
whether the solution exists, for which the Hubble func-
tion H(t) is constant, say, H(t)=H0. The answer is
yes. Indeed, let the coupling parameters of the Einstein-
aether-axion model be chosen according to the following
scheme:
h10 = 1− 2ν , h1 + h3 = 3ν − 1
2
ξ − α
2H0
,
h2 =
m2(A)
9H20
+
α
6H0
− 1
2
ν +
1
6
ξ ,
h7 =
2m2(A)
9H20
+
α
3H0
+
4
3
ξ ,
h8 =
1
2
ν −
2m2(A)
9H20
− α
3H0
− 4
3
ξ . (76)
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Then the master equations of the model are reduced to
φ¨+ 3H0φ˙+
9
4
H20φ = 0 , (77)
3H20
[
1 +
1
2
(C1 + 3C2 + C3)
]
= Λ . (78)
The solution to the Hubble function is indeed constant
H0 =
√
Λ
3
[
1 +
1
2
(C1 + 3C2 + C3)
]− 12
, (79)
the scale factor being of the de Sitter form a(t)=a0e
H0t.
The function φ(t), the corresponding solution for the ax-
ion field
φ(t) = te−
3
2H0tφ˙(0) , (80)
is chosen to satisfy the initial conditions φ(0)=0, φ˙(0) 6=
0. The function φ(t) grows with time, reaches the max-
imal value φ(max)=
2
3eH0
φ˙(0) at t∗= 23H0 , and then tends
asymptotically to zero at t→∞.
C. Example 2: Exact solutions with asymptotically
de Sitter behavior
Now we consider the following relationships between
the coupling parameters:
(h1+3h2+h3) = 2ξ − 3(h7 − 2ξ)2 ,
h10 = 0 , α = 0 , m
2
(A) = 0 . (81)
For this case the equation describing the axion field
φ¨+ 3Hφ˙ = −σφ
[
H˙ +H2 (3− σ)
]
, (82)
contains one effective guiding parameter
σ ≡ −3(h7−2ξ) . (83)
One can check directly, that for arbitrary H˙ andH2 there
exists the following exact solution of (82):
φ(t) = φ(t0)
[
a(t)
a(t0)
]−σ
. (84)
We assume that the parameter σ is positive, σ > 0, pro-
viding the axion field (84) to tend asymptotically to zero
at a→∞. For this solution
φ˙ = −σH(t)φ(t) , φ¨ = −σφ(t)
[
H˙ − σH2
]
, (85)
and thus the key equation for the gravity field (75) can
be written in the form
σ(h7+h8)x
d
dx
H2(x) +
Λxσ
κΨ20φ
2(t0)
=
= 3H2
{[
ξ(1−2σ)+4
3
(h7+h8)σ
2
]
+
+
xσ
κΨ20φ
2(t0)
[
1+
1
2
(C1+3C2+C3)
]}
. (86)
For the sake of convenience we introduced here a new
dimensionless variable x= a(t)
a(t0)
, for which
d
dt
= xH
d
dx
, φ(x) = φ(t0)x
−σ . (87)
The initial time moment t=t0 relates to x=1; for an ex-
panding Universe x ≥ 1. Clearly, the sum h7+h8, which
appears in front of the derivative d
dx
H2(x), introduces a
new effective guiding parameter of the model; below we
distinguish the submodels with h7+h8=0 and h7+h8 6= 0.
1. The model with h7+h8 = 0
When h7+h8=0, the solution to (86) has the form
H(x) =
H0√
1 + Γx−σ
, (88)
where H0 is given by (79), and the parameter Γ is
Γ ≡ ξ(1−2σ)κΨ
2
0φ
2(t0)[
1+12 (C1+3C2+C3)
] . (89)
We assume that Γ > −1, providing the initial value
H(1) = H0√
1+Γ
to be the real quantity; with this condition
H(x) is real for t ≥ t0 (x ≥ 1). In order to reconstruct
the function a(t) we have to use the integral
t− t0 =
∫ a(t)
a(t0)
1
dx
xH(x)
, (90)
which can be now written as
H0(t− t0) =
∫ a(t)
a(t0)
1
dx
x
√
1 + Γx−σ . (91)
Integration in (91) yields
σH0(t− t0) = 2
[√
1 + Γ−
√
1 + Γx−σ
]
+
+ log
∣∣∣∣(
√
1 + Γ− 1)(√1 + Γx−σ + 1)
(
√
1 + Γ + 1)(
√
1 + Γx−σ − 1)
∣∣∣∣ . (92)
When ξ(1−2σ)→ 0, i.e., Γ→ 0, we obtain from (92) that
the right-hand side tends to σ log x, and thus we recover
the de Sitter solution a(t) = a(t0)e
H0(t−t0). Clearly, the
same scale factor can be obtained, when x → ∞, i.e.,
this solution demonstrates the de Sitter asymptote for
arbitrary Γ > −1.
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2. The model with h7+h8 6= 0, Λ = 0
For the model of this type we can rewrite the key equa-
tion (75) as follows:
x
d
dx
logH = ω1 + σω2x
σ , (93)
where
ω1 ≡ 2σ + 3ξ(1−2σ)
2σ(h7+h8)
, (94)
ω2 ≡
3
[
1+12 (C1+3C2+C3)
]
2σ2(h7+h8)κΨ20φ
2(t0)
. (95)
The solution for the Hubble function H(x) is now
H(x) = H(t0) x
ω1eω2(x
σ−1) . (96)
The scale factor can be found using the integral
H(t0)(t− t0)e−ω2 =
∫ a(t)
a(t0)
1
dxx−(ω1+1)e−ω2x
σ
. (97)
The behavior of the functions H(x) and a(t) depends on
the sign of the guiding parameter ω2 (it coincides with
the sign of the parameter h7+h8 6= 0). Let us consider
two principal cases.
(i) ω2 > 0.
When a(t) → ∞, the integral in the right-hand side of
(97) converges and gives a finite quantity. This means
that during a finite interval of time t0 < t < t∗ the scale
factor reaches infinite value; clearly, we deal with the
case indicated as Big Rip (see, e.g., [52, 53]). The Hub-
ble function also reaches infinity at t=t∗. The guiding
parameter ω1 is responsible for extrema of the function
H(x). Since ω2 > 0, the extremum of the function H(x)
given by (96) exists, if ω1 < 0; in this case we deal with
a minimum at
x = x∗ ≡
[ |ω1|
σ|ω2|
] 1
σ
, (98)
with the minimal value
H(min) = H(x∗) = H(t0)
[ |ω1|
σ|ω2|
]− |ω1|
σ
e
|ω1|
σ
−|ω2| . (99)
(ii) ω2 < 0.
For negative parameter ω2 the integral in (97) diverges
at a(t)→∞. This means that infinite value of the scale
factor can be reached only during the infinite time in-
terval. According to (96) H(x → ∞) → 0, the function
H(x) being monotonic, when ω1 < 0. When ω2 < 0 and
ω1 > 0, there is a maximum at x = x∗, and
H(max) = H(x∗) = H(t0)
[ |ω1|
σ|ω2|
] |ω1|
σ
e−
|ω1|
σ
+|ω2| .
(100)
For an illustration, one can consider the explicit case with
ω1=−σ < 0, and ω2 < 0, which is possible, when the sum
h7 + h8 is negative and
|h7 + h8| = ξ(1−2σ)
2σ2
> 0 . (101)
For this special combination of coupling parameters the
scale function is described as follows:
a(t)
a(t0)
=
{
1+
1
|ω2| log [1+σ|ω2|H(t0)(t−t0)]
} 1
σ
. (102)
The Hubble function (96) vanishes asymptotically, but
the scale factor tends to infinity. The behavior (102) can
be indicated as a Pseudo Rip.
Also, one can mention some special case, when ω2=0,
which is possible for Λ=0 and (C1+3C2+C3) = −2.
The Hubble function H(x) is now the power-law one,
H(x)=H(t0) x
ω1 , and the scale factor is presented by
a(t) = a(t0) [1−ω1H(t0)(t−t0)]−
1
ω1 . (103)
Clearly, when ω1 > 0, we deal with a Big Rip; the scale
factor and the Hubble function reach infinity at the mo-
ment t = t∗ = t0+ 1|ω1|H(t0) . When ω1 < 0, we obtain a
Pseudo Rip, since at t → ∞ a → ∞ as a ∝ t 1|ω1| , but
H(t) tends to zero.
3. The model with h7+h8 6= 0, Λ 6= 0
For this general case the solution for the scale factor
can not be presented in explicit form, and we consider
one illustration only. Let the parameters be coupled as
follows:
h7 + h8 = −3ξ(1− 2σ)
4σ2
. (104)
Then the key equation for the Hubble functions takes the
form
x1−σ
d
dx
H2 = −σω (H2 −H20) , (105)
where H0 is given by (79) and the parameter ω is defined
as
ω ≡ 4
[
1+12 (C1+3C2+C3)
]
ξ(1−2σ)κΨ20φ2(t0)
. (106)
The integration of (105) gives the Hubble function in
explicit form
H(x) =
√
H20 + [H
2(t0)−H20 ] exp {ω (1−xσ)} . (107)
The scale factor can be found from the implicit equation
σH0(t− t0) =
∫ ( a(t)
a(t0)
)
σ
1
dz
z
√
1 + F exp {−ωz} , (108)
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where the auxiliary parameter F is defined as
F =
[
H2(t0)
H20
−1
]
eω . (109)
One can distinguish three interesting cases.
(i) ω > 0. The Hubble function (107) starts with the
value H(t0) and reaches asymptotically the value H0 at
x → ∞. The integral (108) diverges logarithmically at
a → ∞, providing the asymptotic behavior to be of the
de Sitter-type a(t)→ a0eH0t.
(ii) ω < 0, H2(t0) > H
2
0 .
In this case the integral in (108) converges at a → ∞,
and thus we deal with a Big Rip, since the infinity is
reached during the finite interval of cosmological time.
The Hubble function tends asymptotically to infinity as
H(x) →
√
H2(t0)−H20 exp
{
1
2
|ω|xσ
}
. (110)
(iii) H(t0) = H0.
Clearly, this is a de Sitter-type solution, since H(x)=H0,
and a(t)=a(t0) exp{H0(t−t0)}.
The case ω < 0, H2(t0) < H
2
0 is non-physical, since
there is a point, in which the function H2(x) changes the
sign, and the Hubble function becomes a pure imaginary
quantity.
V. DISCUSSION
The full-format phenomenological model of interac-
tions between the gravitational field, unit dynamic vec-
tor field and pseudoscalar (axion) field is established
as a model of the second order in the nomenclature
of the Effective Field theory. Master equations of this
version of the Einstein-aether-axion theory are derived
and presented by Eqs. (45)-(49), (34)-(44), (30)-(33).
This phenomenological theory includes seventeen cou-
pling parameters in addition to the standard constants
c, G and Λ (see (29) for the total action functional).
In the spatially isotropic and homogeneous cosmological
model only nine parameters (appearing with the expan-
sion scalar Θ=3H(t)) from these seventeen constants are
shown to be activated; other eight remain hidden param-
eters because of the symmetry of this model.
The principle known as ”Occam’s razor” requires to
reduce the wide set of phenomenological parameters to a
minimal number of key coupling constants. What instru-
ments are in hands of theorists to diminish the number
of phenomenological parameters? One of the instruments
is the removal of singularities in the field configurations.
For instance, the requirement of regularity of the grav-
itational field at the center of nonminimal black holes
reduces the number of coupling constants from three to
one [54]. The electric field at the center of nonminimal
charged monopole, star or black hole can take finite value
E(0) 6=∞, when the coupling parameters satisfy two spe-
cific conditions (see [55]).
We can use the same idea in the Einstein-aether-axion
theory established in this work, in order to reduce the
number of coupling constants. For instance, when we
considered the application of the theory to cosmology,
we have found that the Big Rip scenario can be realized
for some set of coupling parameters. The Big Rip can be
classified as a specific (late-time) singularity. We would
like to avoid the Big Rip scenario in our cosmological
models, which describe interactions between axionic dark
matter, Λ-type dark energy and unit dynamic vector field
associated with aether. For this purpose one can do the
following procedure. One can introduce, for instance, five
relationships (76) excluding the parameters h10, h1+h3,
h2, h7, and h8, to guarantee that the Universe expands
according to the de Sitter scenario with the Hubble con-
stant (79) containing the cosmological constant Λ and
the composite Jacobson’s parameter C1+3C2+C3.
For a static model with spherical symmetry, the de-
composition of the covariant derivative of the aether ve-
locity four-vector includes the non-vanishing radial com-
ponent of the acceleration four-vector DU i. This means
that other coupling constants (say, h8), appeared in front
of DU i in the total action functional (29), will be acti-
vated in the Einstein-aether-axion model with such sym-
metry. Similarly, the non-vanishing shear tensor appears,
when we deal with the model possessing a plane-wave
symmetry [41]. The vorticity tensor becomes an impor-
tant player in the Einstein-aether-axion theory, if one
deals with a rotating Universe or rotating stars. We hope
to analyze the models with the corresponding symmetries
in the nearest future to avoid singularities of the gravi-
tational, unit vector and pseudoscalar fields, and to con-
strain the set of phenomenologically introduced coupling
parameters.
We also keep in mind various applications of the
Einstein-Maxwell-aether-axion theory, which is the next
natural step in the extension of the theory established in
this paper. However, this extension requires to use in-
variant terms of the third and fourth order according to
the nomenclature of the Effective Field theory, so, it will
be a new interesting work.
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